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Nonlinear H ., Robust Guidance Law for Homing Missiles

Ciann-Dong Yang and Hsin-Yuan Chen
National Cheng Kung University, Tainan, Taiwan, Republic of China

This paper proposes an H  robust guidance law for homing missiles with nonlinear kinematics in the homing
phase. Unlike conventional approaches where target’s acceleration is often assumed to be known or needs to be
estimated in real time, the proposed robust guidance law can achieve performance robustness in the absence of
target’s acceleration information and under variations of the initial conditions of engagement. The most difficult
and challenging task involved in applying nonlinear H « control theory is the solution of the associated Hamilton-
Jacobipartial differential inequality. In this paper we show that the Hamilton-Jacobi partial differential inequality
of the missile guidance problem can be solved analytically with simple manipulations. The numerical simulations
show that the H » robust guidance law exhibits strong robustness properties against disturbances from target’s
maneuvers and variationsin initial engagement conditions.

I. Introduction

SYSTEM in the presence of unknown parameters or distur-

bances often has poor performance or even becomes unstable
when the controller is optimized with respect to a nominal model
of the system or with respectto a fixed disturbance. Hence, robust-
ness of performance with respect to model variations and/or distur-
bance variations must be considered in control system design. For
homing missile guidance systems, the model uncertaintiesand dis-
turbances include varying parameters within missile dynamics, the
variations of the target’s maneuvers, and the changing engagement
conditions.

To handle system uncertainties and exogenous disturbances,
many robust control techniqueshave been proposedin recent years,
for example, H,, control, u-synthesis control, etc. Their applica-
tions to aerospace engineeringinclude H,, flight control,'> missile
autopilotdesign>* aeroassisted orbital transfer,’ and spacecraftat-
titude control® As to the robustnessin missile guidance law design,
the guidance law considered in Ref. 7 took into account the uncer-
tainty of the time constant T within the guidance loop. However,
systematic application of modern H,, robust control philosophy to
guidance law design is still very rare in the literature. The present
paper intends to introduce the H,, robust control concept to the
guidance law design for homing missiles.

Most of the applicationsof H,, control theory to aerospace engi-
neering are limited to linearized systems. The kinematics involved
in the missile interception scenario are completely nonlinear, and
the linearized kinematics can only be valid near the pursuit end.
Therefore, we need a nonlinear version of the Hy, control theory
to tackle the missile interception problem. Although nonlinear H,
control theory has been developed successfully®~!? its practical ap-
plication is still questionable due to the difficulties in solving the
associated Hamilton-Jacobi partial differentialinequality (HIPDI).
Constantendeavor has been made in the literature to investigate the
solvability of HIPDI. Algebraic and geometric tools®!! were used
to find a particular solution of the HJPDI for the satellite attitude
control problem. Nevertheless, a numerical solution is believed to
be a more systematic way to find the solutions of HIPDI. Numerical
algorithms'>!? were developed for finding the Taylor series solu-
tions of HIPDL

The present paper applies the nonlinear H,, control theory to
guidancelaw design, which, as far as the authors can determine, has
notbeen consideredin the literature before. Under this approach, the
exact nonlinear governing equations are considered. The guidance
problem is formulated as a nonlinear disturbance attenuation Ho,
control problem where the target’s accelerationsare regarded as un-
predictabledisturbances,and the purpose of the control design is to
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attenuatethe influence of the target’s maneuvers on the performance
of the guidance law, such as miss distance and energy consumption,
etc. The characterizationof the nonlinear H,, guidancelaw relies on
the solutionof HIPDI, which is a second-ordernonlinear partial dif-
ferentialinequality. At first glance, this HIPDI is rather complicated
and hardly to be solved. However, after detailed investigation,a nice
analytical solutionis found to be possible via simple manipulations.

The robust H,, guidancelaw obtained from the solutionof HIPDI
exhibits strong performancerobustnesspropertiesagainsttarget ma-
neuvers and against variations of initial engagement conditions.
Comparisons with conventional proportional navigation (PN)'4~17
schemes show that the conventional PN schemes do perform very
well in the absence of the target’s maneuvers. However, when target
maneuvers are present, their performances may degrade dramati-
cally. On the other hand, the derived H,, robust guidance law may
not perform better than the PN schemes for nonmaneuvering tar-
gets, but it demonstrates strong performance robustness under the
variation of target maneuvers.

Augmented proportional navigation'® (APN) is a modified PN
taking into account target maneuvers. The way that the H,, guid-
ance law handles maneuvering targets is basically different from
that of APN. For the H,, guidance law, we assume that the target’s
acceleration is unpredictable, whereas for APN the target’s accel-
eration is recursively estimated from a target model. Therefore, the
situation is something like the comparison between robust control
(H,,) and adaptive control (APN). We cannot say which is better
because the answer depends on the circumstances to which they
are applied. In the circumstance where target’s acceleration can be
soundlyestimated, APN is undoubtedlysuperiorto the H,, guidance
law, whereas in the circumstance where the target’s acceleration is
unknown or is poorly estimated, the H, guidance law could be
better than APN.

This paper is organized as follows. In Sec. II, we briefly survey
some preliminaries of the nonlinear H,, control theory. In Sec. III,
we formulate the missile guidance problem as a nonlinear distur-
bance attenuation H,, control problem. Then we solve analytically
the associated HIPDI in Sec. IV. Performance of the H,, guidance
laws from the HIPDI’s solutionsis evaluatedin Sec. V. Finally, com-
parisons with PN schemes and the robustness of the H,, guidance
laws againsttarget maneuversare illustratednumerically in Sec. V1.

II. Nonlinear H ., Control Theory

In this section, we introduce the standard results of the nonlinear
H,, control theory for later use. Consider a nonlinear state-space
system:

w € RP,

fO)=0 (la)
h(0) =0 (1b)

x=f(x)+gx)w,

z = h(x), zZ € RY,
where x is the state vector, and w and z are the exogenous distur-
bances to be rejected and the penalized output signal, respectively.
We assume that f(x), g(x), and i (x) are C*™ functionsand x = 0
is the equilibrium point of the system;i.e., f(0) = k£(0) = 0.

If there existsa scalar C! functionU : R* — RT withU(0) = 0
such that

1 (w TEARN LA P
(2 oo (2) +(22) e one <o
2

then the system is said to have L, gain < y; i.e.,

/ Zzdt < yz/ wiwde (3)
0 0

where (U /9x) = [(dU/3x,)(dU /dx;) - - - (AU /9x,)]. The details
of proof can be found, for example, in Ref. 9.

When control u is applied to the system, we get the controlled
system as

x=fx) + g @w+ g()u (4a)

Z="h;(x) +k(x)u (4b)

wherex € R",w € R?' ,u € RP?> and z € R9. The terms f(x),
g1(x), g(x), hi(x), and k{,(x) are C* functions, and we assume
thath| k;, = Oand k[,k\, = I. These assumptionsare introducedto
simplify the following derivation, but as shown later these assump-
tions are satisfied automatically for the missile guidance problem.
The nonlinear H,, control problemis to find the control u such that
the L, gain of the closed-loop system is less than or equal to y.
By replacing f(x), g(x), and 2 (x) in Eq. (2) with f(x) + g2 (x)u,
g1(x), and hy(x) + ki, (x)u, respectively, the condition that the L,
gain of the closed-loopsystem is equal to or lower than y becomes

L r 2 2V ry U T+1 U
Llar £ 22 Vur + 22 102
2 8xg2 8xg2 2\ ox
1 ou\' (U 1
—ae’ — el | = = —hTh, <0
X(y2g1g1 gz&)(ax) +(8x>f+2 1h =

(5)

The control # minimizing the left-hand side of the preceding in-
equality can be easily found as

1AM
u(x) = —gg(x)(a> 6)

Substituting this control into Eq. (5), we obtain the desired HIPDI
as

.
U IVEIAYE! U 1
—)f==(=ss" —0s )| =) +=hThi<0
(8x>f 2(8x>(y2g1g‘ g2g2>(8x> 2
(M

Hence, solving the nonlinear H,, control problem is equivalent to
finding a positive function U (x) satisfying HIPDI. The correspond-
ing HIPDI for the missile guidance problem will be derived in the
next section.

The H,, guidance law given by Eq. (6) guarantees that the con-
trolled system (4a) is internally stable; i.e., the system can return to
the equilibrium point from an initial perturbation x, in the absence
of external disturbance w. This can be verified by showing that if
U > 0is a solution of the HIPDI, then U is a qualified Lyapunov
function of the system (4a). To behave as a Lyapunov function, U
must satisfy the condition U < 0. Substituting Eq. (6) into Eq. (4a)
yields ¥ = f(x) — g2(x)g; (x)(dU/dx)", which can be used to
evaluate U as

.,
U\ _ (Y (X T2
(B2) % = (52) 70— (32 Jeemstion(52)
1(au\(1 , AVEANE T
>\ 78181 t&s |\ 50 _Ehlhl <0

The last inequality is from the HIPDI (7). The propertiesof U > 0
and U < 0 show that U is a qualified Lyapunov function, and hence
the controlled system (4a) is stable in the sense of Lyapunov. In
summary, the nonlinear H,, control theory®~!? guarantees 1) state
boundedness(Lyapunov stability) and 2) performanceboundedness:
Izl < ylwll.

U

IA

III. Formulation of Robust Guidance Problems
For a planar intercept, relative motion between missile and target
is described by the polar coordinates system (r, ) with the origin
fixed on the location of the missile (refer to Fig. 1). For the pur-
pose of guidance law design, missile and target are assumed to be
point masses, and only kinematics are considered. The governing
equations of the relative motion can be derived as

F—ré?=w, —u, (8a)
ré +2i0 = wy — uy (8b)

where r is the relative distance between missile and target; 0 is the
aspect angle of the line of sight (LOS) with respect to an inertial
referenceline; w, and wy are the target’s accelerationcomponents,



884 YANG AND CHEN

y
Vi
Line of Sight B
\ .« Target
6, . 0
5 Vi
// o X

Missile

Fig.1 Planar pursuit geometry.

which are assumed to be an unpredictable disturbance; and u, and
ugy are the missile’s accelerationcomponents, which are to be found.
By introducing the new state variables (1, V,, V,) where V, = 7 is
the radial relative velocity and V, = r0 is the tangential relative
velocity, we can transform Egs. (8) into the standard state-space
form as in Eq. (4a)

F v 00 0 0
Vil=| vifr |+|1 O|lw+|-1 0flu
v, —V,V,/r 0 1 0 —1

wherew = [w, wy]” andu = [u, uy]" aretheaccelerationvectors
of target and missile, respectively.

Next, we need to specify the output signal z to be controlled. A
good guidance law must guarantee a decreasing relative distance
and at the same time keep the LOS angularrate as small as possible.
To reflect this fact, we choosez as

Z:[phu, Ve)i|:|:;0h(r, VQ)}{O}, (10)
u 0 1

h(r, Vy) = ng/r = rg? (11)

where

is a measure of guidance performance, and p is a weighting fac-
tor concerning the tradeoff between performance and acceleration
command. From the definition of 1, it can be seen that when / can be
kept small, it implies that the missile is close to the target (small r)
and/or the LOS angularrate 6 is small. By choosing weighting fac-
tor p properly, it is possible to obtain an acceptably small /2 without
consuming a great amount of accelerationu.

The problem of H,, guidance law design now can be stated as
follows: find the missile accelerationcommand u = [u, uy]” such
thatthe L, gain of the system describedby Eqgs. (9) and (10) is lower
than or equal to y; i.e.,

j:o Z'zdt B j;fo (p%h? +u"u) dt
S wrwdr B L7 (w2 + w?) dr

0
o0
/ wliwdt
0

is theinputenergy of the system, i.e., the L, norm of the disturbance
(target’s acceleration), whereas

/ 2 zdt = / (P*h* +u"u)dt = / (,ozrzé4 +u? + uz) dr
0 0 0

denotes the output energy of the system, i.e., the L, norm of the
desired performance. We wish the output energy to be as small as
possible under the action of the disturbance input w. The system
gain

<2 vweL, (12)

In the preceding equation,

fooo Zzde
j:o wlwdt

canthusberegardedas the disturbanceattenuationlevel, and the H,
robust guidance law can guarantee that the disturbance attenuation
level is lower than or equal to a specified value y for the target’s
acceleration w = [w, wy]” € L,. It is attributed to the afore-
mentioned inherent property of guaranteed disturbance attenuation
level that the H,, guidance law can exhibit performance robustness
against the variations of target’s maneuvers.

IV. Solutions of the Hamilton-Jacobi
Partial Differential Inequality
Inthis sectionthe solutions of the associated HIPDI for the missile
guidance problem will be derived analytically. The HIPDI to be
solved is established first. Comparing Egs. (9) and (10) with Egs.
(4), we have

r V.
x=1|V. ], f= ng/r
\Z8 —V.Vy/r

(13)

) e[

It is noticed that the aforementioned assumptions Al k;, = 0 and
klki, = I are satisfied automatically. Substituting the preceding
functions into Eq. (7), we obtain the guidance’s HIPDI as

oU Vi (U V. Vg [ 0U 1(1
Vi l— ) +—|— ) - — | +t={—=-1
ar r \aV, r aVy 2\ y?
2 2
oU oU V)
+ |\ — +—==<0 14
X|:(8V,> (8V9>:| 2r2 — 1)

This is a nonlinear second-orderpartial differentialinequalityin the

unknown function U(r, V,, V). If a qualified U can be found, the
nonlinear H,, guidance law is then given by Eq. (6) as

T
oU
R )

0x
U
_Jo -1 olJev U U] |V 1s)
“ o o —=1||ar av, a8V, _ﬂ
AV,

ie.,u, =9U/dV,,andu, = aU/3V,. Hence, the main problem of
H,, guidance law design is to find a positive function U satisfying
the HIPDI in Eq. (14). It can be seen that the nature of the solution
depends on the magnitude of the disturbance attenuationlevel y: 1)
y > 1, the fourth term in the HIPDI is always negative;2) y =1,
the HIPDI degenerates into a first-order linear partial differential
inequality; and 3) y < 1, the fourth term in the HIPDI is always
positive. These three kinds of solutions will be derived separately
in the following.

A, v>1
In this case, the solution of the HIPDI may be nonunique, but a
possible candidate can be found from the relations

ou V.V [ 0U
() -5 ()
2 2
1(1 ou oUu
+z(?”){(aw)+(a—vﬂfo e

V(U PV
T(av,>+ 22 =0 (160)
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It is noted that a function U satisfying Eq. (16) is also a solution of
the HIPDI in Eq. (14), but the inverse is not true. The solution of
Eq. (16b) can be found readily as
2 2
UG, V., V) = =252 V) )

The simplest positive solution is obtained by taking f(r, V,) as
a constant ¢. The magnitude of ¢ is determined to guarantee the
positiveness of U. If the closing speed V, is negative, then the first
term in U is always positive, which implies that ¢ can be taken as
0. If we allow V, to be positive, a large enough ¢ must be chosen.
To ensure that this ¢ does exist, we need to show that —p?V, V2 /2r
is bounded. The term V, is bounded because V, is one of the state
x = [r V, V], whichis stable in the sense of Lyapunov as proved
in Sec. II. The term V,2/r = r6? = h is bounded for all bounded w
by noting Eq. (12). The boundedness of V, and V;?/r implies that
thereexists a finite ¢ such thatthe U in Eq. (17) is positive. However,
it needs to be noticed that because the HIPDI depends on the partial
differentiations of U and not on the absolute value of U, the final
guidance law is independentof the constant c.

To check whetherthe U givenby Eq. (17)is feasible, we substitute
this function into Eq. (16a) and obtain

2p2y2 44
p-V>V; o 1 1 oV,
—)13 ——1 ——1

22 |:+'0 V2 + 72 872

Because y > 1, the last term of the preceding equation is always
negative. The condition that Eq. (18) is satisfied for arbitrary r, V,,
and V, can be derived by choosing the weighting factor p in the

following range:
pZ/3y /(=1 (19)

Therefore, we have proved that the function U = —p?V, V92/2r
with p constrained by Eq. (19) is truly a solution of the HIPDI with
y > 1. The resulting H,, robust guidance law can be computed
from Eq. (15) as

<0 (18)

oU )02 V92
[u,} -1 = 20)
Ug oU pz Vr V(_)
ol B

It can be seen that the H,, guidance law does not need the in-
formation of the target’s acceleration w, and wy; nevertheless, the
line-of-sightinformation provided by the seeker is still required.

B. v=1
In this case, the HIPDI degeneratesinto the following first-order
linear partial differential inequality:

oU V2 (aU V. Vy [ 0U p2VE
V.| — S —= ) - L — —2%2 <0 (21
(8r>+ r (8Vr> r (8V9>+ 2rz — 0

A possible solution can be identified from the following set:

oU V2 (U
Vil—]+<L|l—) < 22
(8r>+ r (8Vr>_0 (222)
V.Vy [ 0U ,02\/51
— —_ =0 22b
r (8V9> + 2r2 (22b)

Solving Eq. (22b) for U gives
P>V
8rV.

U=c+ (23)

where ¢ is a positive constant to ensure that U is positive. By using
this U in Eq. (22a), we can rewrite Eq. (22a) as

2174 2y76
oV, p°Vy <

——— — ——— <0 24
8r2 8r2vz = @5

which is satisfied automatically. Hence, the U given in Eq. (23) is
a solution of the HIPDI with y = 1. The corresponding missile
acceleration command turns out to be

ou PV
L= = 2
YT T TR (252)
U PV
- 25b
v, T Ty, (25b)

C. v<1

A smaller value of the disturbanceattenuationlevel y means that
the interceptive performanceis less sensitive to the target’s maneu-
vering; however, more stringent conditions need to be imposed on
the correspondingrobust guidance law. Inspecting the HIPDI (14),
we search for the possible solution candidate from the following
auxiliary inequality:

2
1(1 oU VZ(aU o2V
-|l=-1 + £ +—=—£=<0 26
(o)) ) 5 e
By treating Eq. (26) as a second-order algebraic inequality in
dU/dV,, the solution set can be found as

—1—=y/1=p2A/y>=1) V} - oU

/72— 1 r TV,
—1+4/1=p2A/y>—1) V?
- vi—prd/y? =1V} @7
1/y2—1 r
Therefore, dU /3 V, can be expressed as
oU V2
=1L (28)
av, r
where
—1-/1-p2/y’ - D —1+ /1=y - D

i<

1/y? =1 1/y? =1

(29)
It can be seen that in this case the weighting factor p cannot be
assigned arbitrarily and must be within the interval
1
0<p<—m—mm (30)

V-t

The integration of Eq. (28) gives

A%

r

U= 31
This U is positive by noting that A is negative from Eq. (29), and
the closing speed V, also must be negative to ensure successful
interception. We substitute this U into Eq. (14) to check whether
this form of U can satisfy the HIPDI. After some manipulations,
we get

1( ! 1)*”5‘ IRAZ AT

2\ y? r? r? 2r2
1 UAVEVE 3VRV2
+{= -1 - <0 (32)
2 2 2

Define the total velocity V (1) as V2(t) = V2(t) + V,}(t), and recast
the preceding equation into the following form:

11 A2V2 AV2 P2V
—(——1) 9(v2—v2)+r—;’(v2—v2)+ 4

2\ y? r2 " " 2r2

<0 (33)

J/2 r2 r2
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The combination of the similar terms yields

5(1 viv: o [—1(1

|=-1 ) +r|E—t | == —-1)2*-4x
[2(1/2 ) i } r2 +[2 (J/2 )

V2V2 1 1, v

x5 +[—2(7—1>x2+§p2}r—250 (34)

A sufficient condition for Eq. (34) to be satisfied is that each coef-
ficient of the three terms in Eq. (34) is negative;i.e.,

2(1/y* = DA*+1 <0 (352)
SA/yP=DA—4r <0 (35b)
—2(1/y* = DA+ 1p2 <0 (35¢)

The solution set of each inequality becomes

25 1§A§0 (36a)
y2—
—8
- 1§A§0 (36b)
y2—
ax—L —  or a<—2L (360
2y —1 2y 2—1

The final admissible range of A is determined by the intersection
of the intervals in Egs. (29) and (36). The answer depends on the
magnitude of the weighting factor p for which the interval in Eq.
(30) is divided into two portions: 1) 0 < p < [2/(s/1/y* = DI:
The allowable interval of A is given by

Z —p
S <A< 37
1y =1- 7

2 /12— 1

2) [2/(J/1/y* = D] < p < [1/(/1/y* = D]: There is no inter-
section among the intervals of A.

In summary, the solution of the HIPDI with y < 1 is given by
Eq. (31) where the constant A locates within the interval of Eq. (37).
The associated robust guidance law is given by

1 AV;
[ur} v | r 38
0 U 20V, V,
oV, —

The constant A can be regarded as the missile’s navigation gain
whose value depends on the disturbance attenuation level y to be
achieved and the weighting factor p. The smaller the y is, the more
robust the missile will be with respectto the variationsof the target’s
maneuvers. Although y can be assigned arbitrarily near zero, it can
be seen from Eq. (37) that the admissible interval of the navigation
gain X shrinks very rapidly as y approaches zero. The variation of
A with respect to p and y is depicted in Fig. 2.

2
p=0

/ﬂ%//
-2
s =25 gcp< A5
T AR S A
4
. 4/5
P
G121
-6
-8
-10
. . . 1

v

missile navigation gain >

Fig. 2 Relation of A and ~ for various p.

V. Performance Evaluation of the H ., Guidance Law

The performance of the H,, robust guidance law is measured by
Eq. (12), which says that the disturbance (i.e., the target’s maneu-
vers) attenuationlevel can be kept less than y for an arbitrary target
accelerationw € L, (i.e., for such targets whose

o0
/ wiwdt
0

is finite). However, because there are many possibilities of the al-
lowabletarget’s accelerations, it is not possible to identify the actual
trajectoriesof the missilein advance. Nevertheless,some underlying
properties of the missile’s trajectories can still be captured by the
analytical solutions with respect to nonmaneuvering targets. Tra-
jectory characteristics, including capture area, cumulative velocity
increment, and miss distance, will be discussed analytically in this
section. As to maneuvering targets, the actual trajectories of the
missile can only be computed numerically, as consideredin the next
section.

Let w, = wy = 0 and substitute the missile acceleration com-
ponents u, and u, derived from Eq. (20) into Eq. (9) to yield the
governing equations as

F=V,, r(0) =ry (39a)
V. =2+ 1)(V}/r).

Vo = (0* — D)(V,V,/r),

V,(0)=V,  (39)
Vo(0)=Vs  (39)

Examining the preceding equations, we know that V, () is a mono-
tonically increasing function of time ¢ along the whole trajectory.
To ensure successfulinterception, the closing speed 7 = V, must be
negative; hence V., (f) must be increasing from V,; < 0 to at most
V,(t;) = 0 at the pursuit end. Consequently, it may happen that
r(ty) # 0 when V,(#;) = 0, which leads to nonzero miss distance.
On the other hand, the sign of V,(#) depends on the magnitude of
p:1)p >1,2)p = 1,and 3) p < 1. These three cases will be
discussed separately.
1) p > 1: Dividing Eq. (39¢) by Eq. (39b), we get

v,  p2+1V,

- 40
v,  p2 -1V, (40)

Direct integration gives

Vz_p2/2+1
p*—1

r

2/2+1
VQZZVZ_L

ro

-~ Vé):const 41)
02 —

The relation between r and Vj can be established from Eq. (39c¢),

dv, dr
—= = (= D— 42)
Vg r
Integrating both sides leads to
Vo = Vi (/o)™ (43)

Substituting Eq. (43) into Eq. (41) and rearranging the result, we

get
) 2p%-2
5 , P /2+1 r
V:— Vro = —,02 —3 Vﬁo "_0 —1 (44)

Now we can identify the conditionsunder which a zero miss distance
is achievable.Evaluating Eq. (44) at the pursuitand setting r to zero,
we have

Vi=V; - V:>0 (45)

o ,02—1 b —

Therefore, the initial condition (V,
lowing constraint:

o> Va,) needs to satisfy the fol-

2/241
N (46)

V,

0
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It determines the geometric relation when a missile can intercept a
target with a zero miss distance. Inequality (46) characterizes the
capture area for the robust guidance law when pursuing nonmaneu-
vering targets. The capture area is enlarging with increasing p. In
the limiting case as p approaches 0o, the capture area becomes

Vio [ Vao| = 1/v2 @7)

But if p approachesone, the capture area is shrunk to zero. In other
words, the missile cannot intercept the target with a zero miss dis-
tancein this case. This point will be furtherexplainedin the solution
with p = 1.

When the initial condition (V},, Vj,) does not fall within the cap-
ture area, the miss distance can be determinedby letting V, =7 =0
in Eq. (44) and finding the minimum distance between target and
missile (the definition of miss distance) as

L, 1/C@7=2)
Pl (Vy (48)
P22+ 1\ Vy,

Having obtainedtherelationof V, and Vj, we are ready to evaluate
the final time of the interception for this robust guidance law. The
closing speed V, is calculated first. From Eq. (44), we have

2p2-2
. 2/2+1 r

where K = V2 — V2 (p*/2+1)/(p*> — 1). Integrating the preceding
equation, we obtain

° 0%/2+1 r %2
— 2

The interception time 7, can be obtained by setting r = 0 in the
lower limit of the preceding integration when the initial engage-
ment condition falls within the capture area of Eq. (46); otherwise,
the lower limit is replaced by r = ry;,. Finally, we compute the
cumulative velocity increment AV as

s I
AV:/ |u|dt=/ u? + ul dt
0 0
ty Vg
=0 | —=yVi[a+ Vi (51)
0

Changing the independent variable from ¢ to r via Eq. (49) and
using V, and Vj from Egs. (44) and (43), we can express AV in the
concise form of elliptic integration

AV 2 VA 1
2y __f Ldy (52)
[Vao | p?—1 " Biy*+1
(Y A 30D (Va Y
=5 ’ T A D\K

o _ P24 (Ve :
' pr—1 K

Tmin = T0

where

The lower limit of integration y; can be set to O or (rmin/rO)PZ*‘,
depending on the initial conditions.

2) p = 1: From Eq. (39¢), we have V, (t) = V,, = const. Apply-
ing this result to Eq. (39b) yields

ri=3Vy (53)
Noting that # = dr/dt = (dr /dr)(dr/dt), we can rewrite Eq. (53)
as
3V dr

e 54
rdr > (54)

The integration gives

F=—\f3V2ta(r/ro) + V2 (55)

As mentioned earlier, the zero-miss-distanceinterception cannotbe
achievedin the case of p = 1 because when we setr = 0in Eq. (55),
there is no correspondingsolution for 7. The minimum distance 7,
between target and missile is determined from Eq. (55) by setting

r=0:
—V?2
0
rminlp:l = TI'o €Xp 3V2 (56)

The relation between r and time ¢ can be found by the integration
of Eq. (55), leading to

| =——
t=
r 3V la(r/ro) + V2

Finally, the cumulative velocity increment is obtained by substitut-
ing V, from Eq. (55) and V, (¢) = Vj, into Eq. (51):

AV B fa,—y
= dy (58)
[Vao | /0 B, —y

P R By =

==+ , =
T2 3 P73y
0 0

(57)

where

,
y = b,
.

3) p < 1: The formulas derived for the case of p > 1 are still
valid for p < 1. The only difference is that the capture area does
not exist in this case as can be seen from Eq. (44) where when r
is set to zero, there is no solution for V,. The miss distance r,,;, is
the same as Eq. (48) with p constrainedby 0 < p < 1. It can be
seen that r;, is increasing as p is decreasing to 0. The largest miss
distance occurs at p = 0, which can be found as

o

Fminlp=0 = ——o—= (59)

14 (Vi /Vay)

Referring to Eq. (10), we see that p is a tradeoff between intercep-
tion performance and required missile acceleration, and smaller p
implies smaller weight on interception performance, which in turn
implies that the performance becomes worse. Hence, it is natural
to see that ryinl,=0 > Fminl,=1 as can be verified by comparing
Eq. (59) with Eq. (56).

VI. Numerical Results

In this section, we exploit numerical simulationsto justify the fea-
sibility of the preceding theoretical derivations. For clarity, we will
divide the simulations into two parts. One concerns nonmaneuver-
ing target interception, and the other concerns maneuvering target
interception.To make the analysisindependentof the physical units,
we normalize the governing equations to their dimensionless forms
in terms of the following dimensionless variables. The relative dis-
tance r is normalized to ¥ = r/ro; the relative velocities V, and Vj
are normalizedto V, =V, /Vyand V, = V, /V,, respectively,where
Vo=V (V) + V) =i + (roh)*]; the accelerationcomponents
u, and ugy are normalizedto u, = u,/(VOZ/rO) anduy = ug/(VOZ/rO),
respectively; and the time ¢ is normalized to T = t/(ry/ V). In the
following,the variables with the overline symbol denote dimension-
less variables.

The performance and robustness of four missile guidance laws
will be tested and compared. Their accelerationcommands are listed
next. B

1) H,, guidance law with y > 1: i, = —,02\/92/(2?), and uy =
—p2V, V, JF. ~

2) H,, guidance law with y < 1: 4, = AVZ/F, and iy, =
21V, V, /7, where A is constrained by Eq. (37).

3) Pure proportional navigation'® (PPN) guidance law: i, =
—AVy(d8/dr) sin(k + o), and ug = AV, (d6/dt) cos(k6 + ),
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where VM is the normalized missile’s velocity, k = A — 1 with A
being the navigation gain, and « is the initial aspect angle of V),
with respect to the inertial reference line (see Fig. 1).

4) Realistic true proportional navigation'® (RTPN): i, = 0, and
g = —A(d0/dr)V,.

A. Nonmaneuvering Targets

Figure 3 depicts the four missile trajectories for pursuing nonma-
neuvering targets. From Fig. 3, it can be seen that the H,, robust
guidance law with y > 1 spends the longest time to intercept the
target, whereas the H,, robust guidance law with y < 1 requires
much less interceptive time. Besides the interceptive time, we need
to consider the energy expenditure. From the computation of the
cumulative velocity increment AV, we find that the H,, robust
guidance law with y < 1 (AV = 1.4426) spends almost equiv-
alent energy with PPN (AV = 1.4862), both requiring less energy
consumption. Actually, it is recognized that the conventional PN
schemes provide excellent interceptive strategy for nonmaneuver-
ing targets, whereas the robust guidance law, especially with y > 1,
exhibits awkward performance for nonmaneuvering targets. This
resultis not surprising because the robust guidance law is designed
under the assumption that the target’s motion is unknown or uncer-
tain. If the target’s motion is completely known, the performance
of the robust guidance law may become too conservative, and the
best guidance law can be otherwise obtained via the optimization
process with respect to the given target’s trajectory.

B. Maneuvering Targets

In this part, we employ seven maneuvering strategies for targets
to test the robust capability of the H,, guidance laws. These seven
differenttargets, which are widely discussedin the literature,include
the following.

1) Smart target'’: w, = 0, and wy = A7 /(¥ d6/d7).

2) Modified smart target®: w, = 0, and w, = Ay /(d7/dt - db/
dr).

3) Sinusoidal target?': w, = w, = Ay sin(z d§/dz).

4) Ramp target': w, = wy = ArT.

5) Step target®!: w, = 0, and wy = A;. B

6) RTPN target'®: w, = 0, and wy = —A7(d9/d7)V,.

_7) PPN target's: w, = —V;(d6/d7) sin(k6 + By), and wy =
Vr(dO/dr) sin(k6 + By), where V7 is the normalized target’s veloc-
ity, kK = Ay — 1 with A7 being the target’s navigation gain, and S
is the initial aspect angle of V; with respect to an inertial reference
line.

It should be emphasized that these target models are only for
demonstration purpose, and other more practical target models can
be chosen to test the H,, guidance law. Whatever target model is
used, the H, guidancelaw can guaranteethe disturbanceattenuation
level lower than y as long as target’s acceleration s finite.

Here, we choose the target’s navigation gains Ay and the initial
engagement conditions as the uncertainty disturbances to test the
robustness properties of the H,, guidance laws. From the definition
of the system’s L, gain [see Eq. (12)], we recognize that when y
is small, it indicates that good interceptive performance can be pre-

1.2 U /
wl,, modified
a> | smart
° 1 step target
2 target
5 gl PPN
g : target
=
§ oe / ramp target
[
g smart target
Q 045 )
] oidal target
% 02 RTPN target
£
00 0.2 0.4 0.6 0.8 1

0 2 4 6 8 10
target navigation gain 3 ;.

Fig.4 Relation between target navigation gain and target acceleration
magnitude.

lizll, 16
ffwil,
14r step target
12 PPN target
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19 smart target
8t sinuscidal target
ramp target
6,
4t
2

0.05 0.1 015 02 0.25

target navigation gain;

Fig. 5 Robustness of L, gain for H «, guidancelaw with v >1.

servedin the presenceof large target maneuvers (i.e., large ||w||2). In
the following, the simulations will show that by using the H, robust
guidance law the system’s L, gain can be kept below y under vari-
ations of the target’s maneuvering strategy, the target’s navigation
gains, and the initial engagement conditions.

1. Robustness with Respect to Varying Target Maneuvering

In Fig. 4, we show the variations of the target’s maneuvering en-
ergy with respect to the target’s navigation gain under the action of
the H,, robust guidance law with y > 1. There are two abscissas
in Fig. 4, where the one with a scale larger than 1 is fitted for step
target, ramp target, sinusoidal target, RTPN target, and PPN target;
the other one with a scale less than 1 is fitted to smart target and
modified smart target. This figure helps us to select the reasonable
range of each target’s navigation gain. For example, for the RTPN
target, the gain can be selected as 10, but for the smart target, the
gain’s reasonablerange is between 0.6 and 0.8 as can be seen from
Fig.4.Becausein practicalimplementationthe target’s maneuvering
energy must be finite, if the gain does not fall within the appropri-
ate range, the target’s energy will approach infinity. Although the
H,, robust guidance law can maintain admissible performance for
almost arbitrary maneuvering targets, it is restricted to pursue the
targets whose accelerationenergy belongsto the setof Ly, i.e., |[w]|,
is finite. Indeed, the target with infinite accelerationenergy does not
exist in the real world. There are many other practical limits on w!

Now we demonstrate the robust property of the H,, guidance
law with respect to the target’s varying navigation gains as selected
from Fig. 4 for different missile guidance laws. In Figs. 5 and 6, the
two H,, guidance laws demonstrate robustness against the seven
aforementionedmaneuveringtargets, being able to keep the L, gain
smaller than y for different target navigation gains and for different
target maneuvering strategies. A comparison between the results of
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Fig. 8 Robustness of L, gain for PPN guidance law.

Figs.5 and 6 revealsthat therobustnessof the H,, guidancelaw with
y < lisbetter than thatof the H,, guidancelaw with y > 1. On the
other hand, if the missile’s guidance law employs the conventional
proportionalnavigations such as RTPN and PPN (see Figs. 7 and 8,
respectively), the disturbanceattenuationlevel may diverge for some
specific maneuvering targets. We can find from Fig. 7 that the RTPN
missile guidance law has a poor ability to pursue the step target and
the sinusoidal target, whereas from Fig. 8 we see that the PPN
missile guidance law has a poor ability to pursue the step target. In
summary, among the four missile guidance laws, the H,, guidance
laws, especially for y < 1, exhibit the most robust performance with
respect to the variation of the target’s navigation gains.

30
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" 25 smart target
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Fig.9 System L, gain vs ity for H o guidance law with v > 1.
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Fig. 11 System L gain vs i for RTPN guidance law.

2. Robustness with Respect to Varying Initial Engagement Conditions

In this part, we wish to investigate the robust ability of H,, guid-
ance laws with respect to the variations of the initial engagement
conditions. For convenience, we introduce the initial angular mo-
mentum iy = rgeo as an index to reflect the impact of initial condi-
tions. Figures 9-12 express the robustness of the four missile guid-
ance laws with respect to changing 4 for the seven different target
maneuvers. The abscissain these figures is the normalizedinitial an-
gular momentum hy = hy/(ryVy). The magnitude of A, is between
0 and 1. For a tail-chase initial condition, hy = 0, whereas for the
worst case where the target is escaping fully tangentially, h, = 1.
Hence, when we increase iy from O to 1, we impose increasingly
stringent engagement conditions on the missile.

It is observed that for any A, between 0 and 1, the two kinds of
H,, guidancelaws can maintainan excellentdisturbanceattenuation
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ability, whereas the performances of RTPN and PPN fluctuate dra-
matically with changing iy. As expected, the robustness against an
initial condition variationfor the H,, guidancelaw with y < 1isbet-
ter than that with y > 1, being able to maintain the L, gain below 1.
It is emphasized that the ability of maintaining the L, gain below 1
for the Hy, guidance law with y < 1 is not only valid for the seven
targets considered here but also valid for all the targets with finite
accelerations. The H,, guidance law with y > 1 only can maintain
the L, gain below some value about 25. On the other hand, the per-
formances of RTPN and PPN guidance laws are divergent for some
specific targets and under some specific range of h, (see Figs. 11
and 12).

C. Remarks

1) From the simulation results we can find that the performance
of the H,, guidance law is rather conservative. This conservative-
ness seems to be unavoidable because the H,, performance (i.e.,
L, gain < y) must be preserved for any target with bounded ac-
celeration. The more target information we know, the less conser-
vative guidance law we can design. Hence, if information about
the target’s accelerationis accessible, the specific guidance law de-
signed according to this target information is undoubtedly superior
to the H,, guidance law. The conservativenessof the H,, guidance
law can only be justified under the circumstances where the tar-
get’s accelerationis unpredictable. This is the main reason that we
make the unpredictability assumption of the target’s acceleration
in the present paper. This unpredictability assumption is not re-
stricted to the guidance law design but is common for all H,, design
problems.

2) One of the ways to reduce the conservativeness of the H,
guidance law is via the proper selection of the HIPDI solution.
Because the solution of HIPDI is not unique, it is possible to choose
a specific solution that provides the most effective interception with
respect to a given kind of target.

3) The extension of the present result to the three-dimensional
real world is not hard. In the three-dimensional case, the equa-
tion of motion is described in the spherical coordinates® (r, 6,
¢) as a set of three second-order differential equations that can be
recast into the form of Eq. (4) where the new state is defined as
x=1[r ¢ V, V, V4]". Using Eq. (4), we can derive the associated
HIJPDI for the three-dimensional guidance problem, and the main
task is to find a positive solution for this three-dimensional HIPDI.

VII. Conclusions
The nonlinear H,, control theory has been exploitedin this paper
to design a guidance law for homing missiles. By regarding tar-
get maneuvers as disturbances inputs, we reformulate the missile

guidance problem as a nonlinear disturbance attenuation control
problem. After solving the associated Hamilton-Jacobi partial dif-
ferential inequality, we obtain three kinds of H,, guidance laws
that possess excellent performance robustness against maneuver-
ing targets and against variations of initial engagement conditions.
As compared with the proportional navigation schemes, the perfor-
mance of the proposed H,, robust guidance laws is shown to be
more insensitive to variations of target’s maneuvers.
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